We solve an open problem concerning syntactic complexity: We prove that the cardinality of the syntactic semigroup of a bifix-free language with state complexity n is at most (n − 1) n−3 + (n − 2) n−3 + (n − 3)2 n−3 for n 6. Since this bound is known to be reachable, and the values for n 5 are known, this completely settles the problem. We also prove that (n − 2) n−3 + (n − 3)2 n−3 − 1 is the minimal size of the alphabet required to meet the bound for n 6. Finally, we show that the largest transition semigroups of minimal DFAs which recognize bifix-free languages are unique up to the naming the states.
Introduction
A language is prefix-free if no word in the language is a proper prefix of another word in the language. Similarly, a language is suffix-free if there is no word that is a proper suffix of another word in the language. A language is bifix-free if it is both prefix-free and suffix-free. Prefix-, suffix-, and bifix-free languages are important classes of codes, which have numerous applications in such fields as cryptography and data compression. Codes have been studied extensively; see [1] for example.
The syntactic complexity [7] σ(L) of a regular language L is defined as the size of its syntactic semigroup [10] . It is known that this semigroup is isomorphic to the transition semigroup of the quotient automaton D and of a minimal deterministic finite automaton accepting the language. The number n of states of D is the state complexity of the language [11] , and it is the same as the quotient complexity [2] (number of left quotients) of the language. The syntactic complexity of a class of regular languages is the maximal syntactic complexity of languages in that class expressed as a function of the quotient complexity n.
Syntactic complexity is used as another measure of complexity of regular languages, besides state complexity. It is related to the Myhill equivalence relation [9] , and it can be said that it counts E-mail addresses: msz@cs.uni.wroc.pl, jkwittnebel@hotmail.com.
the number of classes of words in a regular language which act distinctly. In contrast to state complexity, it can distinguish particular subclasses of regular languages from the class of all regular languages, whereas state complexity cannot (see [5] for star-free languages).
The syntactic complexity of prefix-free languages was proven to be n n−2 in [8] . The syntactic complexity of suffix-free language was also studied in [8] , where the bound (n − 1) n−2 + n − 2 was conjectured for n 6, which was proven in [6] . For bifix-free languages, the lower bound (n − 1) n−3 + (n − 2) n−3 + (n − 3)2 n−3 for the syntactic complexity for n 6 was established in [8] . The values for n 5 were also determined.
Our main contributions in this paper are as follows:
(1) We prove that (n − 1) n−3 + (n − 2) n−3 + (n − 3)2 n−3 is also an upper bound for syntactic complexity for n 8. To do this, we refine the method of injective function (see [3, 6] ). (2) We prove that the transition semigroup meeting this bound is unique for every n 8.
(3) We refine the witness DFA meeting the bound by reducing the size of the alphabet to (n − 2) n−3 + (n − 3)2 n−3 − 1, and we show that it cannot be any smaller. (4) Using a dedicated algorithm, we verify by computation that two semigroups W 5 bf and W 6 bf (defined below) are the unique largest transition semigroups of a minimal DFA of a bifix-free language, respectively for n = 5 and n = 6, 7 (whereas they coincide for n = 3, 4).
With these, the syntactic complexity, unique largest semigroups, and sizes of the required alphabet, are determined for every n, which completely solves the problem.
Preliminaries
Let Σ be a non-empty finite alphabet, and L ⊂ Σ * be a language. If w ∈ Σ * is a word, L.w denotes the left quotient or simply quotient of L by w, which is defined by L.w = {u | wu ∈ L}. We denote the set of quotients of L by K = {K 0 , . . . , K n−1 }, where K 0 = L = L.ε by convention. The number of quotients of L is its quotient complexity [2] κ(L). From the Myhill-Nerode Theorem, a language is regular if and only if the set of all quotients of the language is finite. A deterministic finite automaton (DFA) is a tuple D = (Q, Σ, δ, q 0 , F ), where Q is a finite nonempty set of states, Σ is a finite non-empty alphabet, δ : Q×Σ → Q is the transition function, q 0 ∈ Q is the initial state, and F ⊆ Q is the set of final states. We extend δ to a function δ : Q × Σ * → Q as usual.
The quotient DFA of a regular language L with n quotients is defined by D = (K, Σ, δ D , K 0 , F D ), where δ D (K i , w) = K j if and only if K i .w = K j , and F D = {K i | ε ∈ K i }. Without loss of generality, we assume that Q = {0, . . . , n − 1}. Then D = (Q, Σ, δ, 0, F ), where δ(i, w) = j if δ D (K i , w) = K j , and F is the set of subscripts of quotients in F D . A state q ∈ Q is empty if its quotient K q is empty. The quotient DFA of L is isomorphic to each complete minimal DFA of L. The number of states in the quotient DFA of L (the quotient complexity of L) is therefore equal to the state complexity of L.
In any DFA D, each letter a ∈ Σ induces a transformation on the set Q of n states. We let T n denote the set of all n n transformations of Q; then T n is a monoid under composition. The image of q ∈ Q under transformation t is denoted by qt, and the image of a subset S ⊆ Q is St = {qt | q ∈ S}. If s, t ∈ T n are transformations, their composition is denoted by st and defined by q(st) = (qs)t. The identity transformation is denoted by 1, and we have q1 = q for all q ∈ Q. By (S → q), where S ⊆ Q and q ∈ Q, we denote a semiconstant transformation that maps all the states from S to q and behave as the identity function for the states in Q \ S. A constant transformation is the semiconstant transformation (Q → q), where q ∈ Q. A unitary transformation is ({p} → q), for some distinct p, q ∈ Q; this is denoted by (p → q) for simplicity.
The transition semigroup of D is the semigroup of all transformations generated by the transformations induced by Σ. Since the transition semigroup of a minimal DFA of a language L is isomorphic to the syntactic semigroup of L [10] , syntactic complexity is equal to the cardinality of the transition semigroup.
The underlying digraph of a transformation t ∈ T n is the digraph (Q, E), where E = {(q, qt) | q ∈ Q}. We identify a transformation with its underlying digraph and use usual graph terminology for transformations: The in-degree of a state q ∈ Q is the cardinality |{p ∈ Q | pt = q}|. A cycle in t is a cycle in its underlying digraph of length at least 2. A fixed point in t is a self-loop in its underlying digraph. An orbit of a state q ∈ Q in t is a connected component containing q in its underlying digraph, that is, the set {p ∈ Q | pt i = qt j for some i, j 0}. Note that every orbit contains either exactly one cycle or one fixed point. The distance in t from a state p ∈ Q to a state q ∈ Q is the length of the path in the underlying digraph of t from p to q, that is, min{i ∈ N | pt i = q}, and is undefined if no such path exists. If a state q does not lie in a cycle, then the tree of q is the underlying digraph of t restricted to the states p such that there is a path from p to q.
2.1. Bifix-free languages and semigroups. Let D n = (Q, Σ, δ, 0, F ), where Q = {0, . . . , n − 1}, be a minimal DFA accepting a bifix-free language L, and let T (n) be its transition semigroup. We also define Q M = {1, . . . , n − 3} (the set of the "middle" states).
The following properties of bifix-free languages, slightly adapted to our terminology, are well known [8] :
Lemma 1 (Properties of bifix-free languages).
(1) There is an empty state, which is n − 1 by convention.
(2) There exists exactly one final quotient, which is {ε}, and whose state is n − 2 by convention,
(4) In the underlying digraph of every transformation of T (n), there is a path starting at 0 and ending at n − 1.
The items (1) and (2) follow from the properties of prefix-free languages, while (3) and (4) follow from the properties of suffix-free languages. Following [6] , we say that an (unordered) pair {p, q} of distinct states in Q M is colliding (or p collides with q) in T (n) if there is a transformation t ∈ T (n) such that 0t = p and rt = q for some r ∈ Q M . A pair of states is focused by a transformation u ∈ T (n) if u maps both states of the pair to a single state r ∈ Q M ∪ {n − 2}. We then say that {p, q} is focused to the state r. By Lemma 1, it follows that if {p, q} is colliding in T (n), then there is no transformation u ∈ T (n) that focuses {p, q}. Hence, in the case of bifix-free languages, colliding states can be mapped to a single state only if the state is n − 1. In contrast with suffix-free languages, we do not consider the pairs from Q M × {n − 2} being colliding, as they cannot be focused.
For n 2 we define the set of transformations B bf (n) = {t ∈ T n | 0 ∈ Qt, (n − 1)t = n − 1, (n − 2)t = n − 1, and for all j 1, 0t j = n − 1 or 0t j = qt j ∀q, 0 < q < n − 1}.
In [8] it was shown that the transition semigroup T (n) of the minimal DFA of a bifix-free language must be contained in B bf (n). It contains all transformations t which fix n − 1, map n − 2 to n − 1, and do not focus any pair which is colliding from t.
Since B bf (n) is not a semigroup, its cardinality is not an upper bound on the syntactic complexity of bifix-free languages. A lower bound on the syntactic complexity was established in [8] . We study the following two semigroups that play an important role for bifix-free languages.
2.1.1. Semigroup W 6 bf (n). For n 3 we define the semigroup:
The following remark summarizes the transformations of W 6 bf (n):
Remark 2. W 6 bf (n) contains all transformations that:
Proposition 3. W 6 bf (n) is the unique maximal transition semigroup of a minimal DFA D n of a bifix-free language in which there are no colliding pairs of states.
Proof. Since for any pair p, q ∈ Q M there is the transformation (0 → n − 1)({p, q} → n − 2)(n − 2 → n − 1) in the semigroup, the pair {p, q} cannot be colliding. Therefore, there are no colliding pairs in W 6 bf (n). Let T (n) be a transition semigroup in which there are no colliding pairs of states. Consider t ∈ T (n). If 0t = n − 1 then t ∈ W 6 bf (n) as is a transformation of Type 1 from Remark 2. If 0t = n − 2 then t ∈ W 6 bf (n) as is a transformation of Type 2 from Remark 2. If 0t ∈ Q M , then qt ∈ {n − 2, n − 1}, as otherwise {0t, qt} would be a colliding pair, so t is a transformation of Type 3 from Remark 2. Therefore, T (n) is a subsemigroup of W 6 bf (n), and so W 6 bf (n) is unique maximal.
In [8] it was shown that for n 5, there exists a witness DFA of a bifix-free language whose transition semigroup is W 6 bf (n) over an alphabet of size (n − 2) n−3 + (n − 3)2 n−3 + 2 (and 18 if n = 5). Now we slightly refine the witness from [8, Proposition 31] by reducing the size of the alphabet to (n − 2) n−3 + (n − 3)2 n−3 − 1, and then we show that it cannot be any smaller.
Definition 4 (Bifix-free witness). For n 4, let W(n) = (Q, Σ, δ, 0, {n−2}), where Q = {0, . . . , n− 1} and Σ contains the following letters:
For n = 4 three letters suffice, since the transformation of b 1 is induced by
Proof. Consider a transformation t of type 1 from Remark 2. Let S ⊆ Q M be the states that are mapped to n − 2 by t. If S = ∅, then t = sx, where s = (0 → n − 2)(n − 2 → n − 1) is induced by a c i , and x is the transformation induced by a c i that maps Q M in the same way as t.
If S = ∅, then let q ∈ Q M be the state such that q ∈ Q M t. Let x be the transformation induced by c i that maps the states from S to q and Q M \ S in the same way as t. Then t = xb q , since 0xb q = n − 1, Sxb q = qb q = n − 2, and for p ∈ (Q M \ S) we have that pxb q = pt. Hence, we have all transformations of type 1 in W 6 bf (n). It remains to show how to generate the two missing transformations of type 2 and type 3 that do not have the corresponding generators c i and d i , respectively.
Proposition 6. For n 5, at least (n − 2) n−3 + (n − 3)2 n−3 − 1 generators are necessary to generate W 6 bf (n).
Proof. Consider a transformation t ∈ W 6 bf (n) of type (2) from Remark 2 that is different from (0 → n − 2)(Q M → n − 1)(n − 2 → n − 1). If t were the composition of two transformations from W 6 bf (n), then either t maps 0 to n − 1, or t maps Q M into {n − 2, n − 1}. Since neither is the case, t must be a generator. There are (n − 2) n−3 − 1 such generators.
Consider a transformation t ∈ W 6 bf (n) of type (3) from Remark 2 that is different from (0 → q)(Q M → n − 1)(n − 2 → n − 1) for some q ∈ Q M . Note that to generate t. a transformation of type (3) must be used, but the composition of such a transformation with any other transformation from W 6 bf (n) maps every state from Q M to n − 1. Hence, t must be used as a generator, and there are (n − 3)(2 n−3 − 1) such generators.
Consider a transformation t ∈ W 6 bf (n) of type (1) from Remark 2 of the form (0 → n − 1)(q → n − 2)(n − 2 → n − 1) for some q ∈ Q M . Note that to generate t, transformations of type (3) cannot be used because Q M is not mapped into {n − 2, n − 1} if |Q M | 3. Let t = g 1 . . . g k , where g i are generators. Since a transformation of type (2) does not map q to n − 2, g k cannot be of type (2) , and so must be of type (1) . Moreover Q M g 1 . . . g k−1 = Q M , as otherwise t would map a state p ∈ Q M to n − 1. Hence, Q M g k = Q M \ {q}, and for every selection of q there exists a different g k . There are (n − 3) such generators.
2.1.2. Semigroup W 5 bf (n). For n 3 we define the semigroup W 5 bf (n) = {t ∈ B bf (n) | for all p, q ∈ Q M where p = q, pt = qt = n − 1 or pt = qt}.
Proposition 7. W 5 bf (n) is the unique maximal transition semigroup of a minimal DFA D n of a bifix-free language in which all pairs of states from Q M are colliding.
Proof. Let p, q ∈ Q M be two distinct states. Then {p, q} is colliding because of the transformation (0 → p)(p → n − 1)(n − 2 → n − 1) ∈ W 5 bf (n). Therefore, all pairs of states from Q M are colliding. Let T (n) be a transition semigroup with all colliding pairs of states. Consider t ∈ T (n). Then for any distinct p, q ∈ Q M , we have p = q or pt = qt = n − 1, as otherwise {p, q} would be focused. By definition of W 5 bf (n), there are all such transformations t in W 5 bf (n). Therefore, W 5 bf (n) is unique maximal.
In [8] it was shown that for n 2 there exists a DFA for a bifix-free language whose transition semigroup is W 5 bf (n) over an alphabet of size (n−2)!. We prove that this is an alphabet of minimal size that generates this transition semigroup. Proposition 8. To generate W 5 bf (n) at least (n − 2)! generators must be used. Proof. First we show that the composition of any two transformations t, t ′ ∈ W 5 bf (n) maps a state different from n − 1 to the state n − 1. Suppose that t does not map any state to n − 1. If 0t = n − 2, then 0tt ′ = n − 1. If 0t ∈ Q M , then some state q ∈ Q M must be mapped either to n − 2 or to n − 1, and again qtt ′ = n − 1.
Consider
There are (n − 2)! such transformations, and since they cannot be generated by compositions, they must be generators.
Upper bound on syntactic complexity of bifix-free languages
Our main result shows that the lower bound (n−1) n−3 +(n−2) n−3 +(n−3)2 n−3 on the syntactic complexity of bifix-free languages is also an upper bound for n 8.
We consider a minimal DFA D n = (Q, Σ, δ, 0, {n − 2}), where Q = {0, . . . , n − 1} and whose empty state is n − 1, of an arbitrary bifix-free language. Let T (n) be the transition semigroup of D n . We will show that T (n) is not larger than W 6 bf (n). Note that the semigroups T (n) and W 6 bf (n) share the set Q, and in both of them 0, n − 2, and n − 1 play the role of the initial, final, and empty state, respectively. When we say that a pair of states from Q is colliding we always mean that it is colliding in T (n).
First, we state the following lemma, which generalizes some arguments that we use frequently in the main theorem. Lemma 9. Let t,t ∈ T (n) and s ∈ W 6 bf (n) be transformations. Suppose that: (1) All states from Q M whose mapping is different in t and s belong to C, where C is either an orbit in s or is the tree of a state in s. (2) All states from Q M whose mapping is different int and s belong toĈ, whereĈ is either an orbit in s or is the tree of a state in s. (3) The transformation s i t j , for some i, j 0, focuses a colliding pair whose states are in C.
Then either C ⊆Ĉ orĈ ⊆ C. In particular, if C andĈ are both orbits or both trees rooted in a state mapped by s to n − 1, then C =Ĉ.
Proof. First observe that if q ∈ (Q M ∪{n− 2, n− 1})\ C then qs = qt, since by (1) state q is mapped in the same way by t as by s. Also, qs ∈ (Q M ∪ {n − 2, n − 1}) \ C, since if qs would be in C, then q ∈ C, because C is an orbit or a tree and qs is reachable from q. Hence, for any g = g 1 . . . g k , where g i = t or g i = s, by simple induction we have that qg = qs k = qt k ∈ (Q M ∪ {n − 2, n − 1}) \ C. The same claim holds symmetrically forĈ.
Let {p 1 , p 2 } be the colliding pair that is focused by s i t j from (3) . Suppose that C ∩Ĉ = ∅. Since p 1 , p 2 ∈ C, we have that p 1 , p 2 ∈ (Q M ∪ {n − 2, n − 1}) \Ĉ. By the claim above forĈ, p 1 s i t j = p 1t i t j , and p 2 s i t j = p 2t i t j . But this means thatt i t j focuses {p 1 , p 2 }, hence t andt cannot be both present in T (n).
So it must be that C ∩Ĉ = ∅, since they are orbits or trees we have either C ⊆Ĉ orĈ ⊆ C.
Theorem 10. For n 8, the syntactic complexity of the class of bifix-free languages with n quotients is (n − 1) n−3 + (n − 2) n−3 + (n − 3)2 n−3 .
Proof. We construct an injective mapping ϕ : T (n) → W 6 bf (n). Since ϕ will be injective, this will prove that |T (n)| |W 6 bf (n)| = (n − 1) n−3 + (n − 2) n−3 + (n − 3)2 n−3 . The mapping ϕ is defined by 23 (sub)cases covering all possibilities for a transformation t ∈ T (n). Let t be a transformation of T (n), and s be the assigned transformation ϕ(t). In every (sub)case we prove external injectivity, which is that there is no other transformationt that fits to one of the previous (sub)cases and results in the same s, and we prove internal injectivity, which is that no other transformationt that fits to the same (sub)case results in the same s. All states and variables related tot are always marked by a hat.
In every (sub)case we observe some properties of the defined transformations s: Property (a) always says that a colliding pair is focused by a transformation of the form s i t j . Property (b) describes the orbits and trees of states which are mapped differently by t and s; this is often for a use of Lemma 9. Property (c) concerns the existence of cycles in s. Supercase 1: t ∈ W 6 bf (n). Let s = t. This is obviously injective. For all the remaining cases let p = 0t. Note that all t with p ∈ {n − 2, n − 1} fit in Supercase 1. Let k 0 be a maximal integer such that pt k ∈ {n − 2, n − 1}. Then pt k+1 is either n − 1 or n − 2, and we have two supercases covering these situations.
Supercase 2: t ∈ W 6 bf (n) and pt k+1 = n − 1. Here we have the chain
Within this supercase, we will always assign transformations s focusing a colliding pair, and this will make them different from the transformations of Supercase 1. Also, we will always have 0s = n − 1.
We have the following cases covering all possibilities for t: Case 2.1: t has a cycle. Let r be the minimal state among the states that appear in cycles of t, that is,
Let s be the transformation illustrated in Fig. 1 and defined by: 0s = n − 1, ps = r, (pt i )s = pt i−1 for 1 i k, qs = qt for the other states q ∈ Q.
Let z be the state from the cycle of t such that zt = r. We observe the following properties:
(a) Pair {p, z} is a colliding pair focused by s to state r in the cycle, which is the smallest state of all states in cycles. This is the only colliding pair which is focused to a state in a cycle. Proof : Note that p collides with any state in a cycle of t, in particular, with z. The property follows because s differs from t only in the mapping of states pt i (0 i k) and 0, and the only state mapped to a cycle is p. (b) All states from Q M whose mapping is different in t and s belong to the same orbit in s of a cycle. Hence, all colliding pairs that are focused by s consist only of states from this orbit. (c) s has a cycle. (d) For each i with 1 i < k, there is precisely one state q colliding with pt i−1 and mapped by s to pt i , and that state is q = pt i+1 . Proof : Clearly q = pt i+1 satisfies this condition. Suppose that q = pt i+1 . Since pt i+1 is the only state mapped to pt i by s and not by t, it follows that qt = qs = pt i . So q and pt i−1 are focused to pt i by t; since they collide, this is a contradiction.
Internal injectivity: Lett be any transformation that fits in this case and results in the same s; we will show thatt = t. From (a), there is the unique colliding pair {p, z} focused to a state in a cycle, hence {p,ẑ} = {p, z}. Moreover, p andp are not in this cycle, sop = p andẑ = z, which means that 0t = 0t = p. Since there is no state q = 0 such that qt = p, the only state mapped to p by s is pt, hence pt = pt. From (d) for i = 1, . . . , k − 1, state pt i+1 is uniquely determined, hence pt i+1 = pt i+1 . Finally, for i = k there is no state colliding with pt k−1 and mapped to pt k , hence pt k+1 = pt k+1 = n − 1. Since the other transitions in s are defined exactly as in t andt, we havê t = t. Case 2.2: t has no cycles, but k 1. Let s be the transformation illustrated in Fig. 2 and defined by:
We observe the following properties:
(a) {p, pt} is a colliding pair focused by s to a fixed point of in-degree 2. This is the only pair among all colliding pairs focused to a fixed point.
Proof : This follows from the definition of s, since any colliding pair focused by s contains pt i (0 i k), and only pt is mapped to p, which is a fixed point. Also, no state except 0 can be mapped to p by t because this would violate suffix-freeness; so only p and pt are mapped by s to p, and p has in-degree 2. (b) All states from Q M whose mapping is different in t and s belong to the same orbit in s of a fixed point. (c) s does not have any cycles, but has a fixed point f = n − 1 with in-degree 2, which is p. (d) For each i with 1 i < k, there is precisely one state q colliding with pt i−1 and mapped to pt i , and that state is q = pt i+1 . This follows exactly like Property (d) from Case 2.1.
External injectivity: Here s does not have a cycle in contrast with the transformations of Case 2.1.
Internal injectivity: Lett be any transformation that fits in this case and results in the same s. From (a) there is the unique colliding pair {p, pt} focused to the fixed point p, hencep = p and pt = pt. Then, from (d), for i = 1, . . . , k − 1 state pt i+1 is uniquely defined, hence pt i+1 = pt i . Since the other transitions in s are defined exactly as in t andt, we havet = t. Case 2.3: t does not fit in any of the previous cases, but there exist at least two fixed points of in-degree 1. Let the two smallest valued fixed points of in-degree 1 be the states f 1 and f 2 , that is,
Let s be the transformation illustrated in Fig. 3 and defined by
We observe the following properties: (a) {p, f 2 } is a colliding pair focused by s to f 2 . This is the only pair among all colliding pairs that are focused. (b) All states from Q M whose mapping is different in t and s belong to the same orbit of a cycle in s. (c) s has exactly cycle, namely (f 1 , f 2 ), and it is of length 2. Moreover, one state in the cycle, which is f 2 , has in-degree 1, and the other one, which is f 1 , has in-degree 2. External injectivity: To see that s is distinct from the transformations of Case 2.1, observe that in s the only colliding pair is focused to f 2 , which lies in a cycle but is not the smallest state of the states of cycles. On the other hand, from (a) of Case 2.1 the transformations of that case have only one colliding pair focused to a state in a cycle, and this is the smallest state from the states of cycles.
Since s has a cycle, it is different from the transformations of Case 2.2.
Internal injectivity: Lett be any transformation that fits in this case and results in the same s. From (c), there is a single state in the unique cycle that has in-degree 2 and this is f 1 . Hencê
Since the other transitions in s are defined exactly as in t andt, we havet = t.
Case 2.4: t does not fit in any of the previous cases, but there exists x ∈ Q \ {0} of in-degree 0 such that xt ∈ {x, n − 2, n − 1}. Let x be the smallest state among the states satisfying the conditions and with the largest ℓ 1 such that xt ℓ ∈ {xt ℓ−1 , n − 2, n − 1}. Since xt ∈ {x, n − 2, n − 1} and t does not have a cycle, x and ℓ are well defined. We have that xt ℓ+1 ∈ {xt ℓ , n − 2, n − 1}, and x has in-degree 0. Within this case we have the following subcases covering all possibilities for t: Subcase 2.4.1: ℓ 2 and xt ℓ+1 = n − 1. Let s be the transformation illustrated in Fig. 4 and defined by 0s = n − 1, ps = xt ℓ , qs = qt for the other states q ∈ Q. t : We observe the following properties: (a) {xt ℓ−1 , p} is a colliding pair focused by s to xt ℓ . (b) p is the only state from Q M whose mapping is different in t and s, and p is mapped to a state mapped to n − 1. Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s. From (b), all colliding pairs that are focused contain p. If there are at least two such pairs, then p is uniquely determined as the unique common state. If there is only one such pair, then by (a) it is {xt ℓ−1 , p}, and p is determined as the state of in-degree 0, since xt ℓ−1 has in-degree 1. Hence, p = p, and since the other transitions in s are defined exactly as in t andt, we havet = t. Subcase 2.4.2: ℓ = 1, xt 2 = n − 1, and xt has in-degree > 1. Let y be the smallest state different from x and such that yt = xt. Note that y has in-degree 0, as otherwise it would contradict the choice of x, since there would be a state satisfying the conditions for x with a larger ℓ. Also, x < y, as otherwise we would choose y as x. Let s be the transformation illustrated in Fig We observe the following properties.
(a) {p, x} is a colliding pair focused by s to y.
(b) All states from Q M whose mapping is different in t and s belong to the same orbit of a cycle of length 3 in s. (c) s contains exactly one cycle, namely (x, y, xt). Furthermore, y has in-degree 2 and is preceded in this cycle by x of in-degree 1.
External injectivity: To see that s is different from the transformations of Case 2.1, observe that by (a) we have a colliding pair focused to y, which is from a cycle, but is not the smallest state from the states in cycles since x < y.
On the other hand, in Case 2.1 all colliding pairs focused to a state in a cycle are focused to the smallest state of all states in cycles (Property (a) of Case 2.1).
Since s has a cycle, it is different from the transformations of Case 2.2, Case 2.3, and Subcase 2.4.1.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s. From (c), in s we have a unique cycle of length 3, and this cycle is (x, y, xt). Since y is uniquely determined as the state of in-degree 2 preceded in the cycle by the state of in-degree 1, we havê y = y. Then alsox = x and xt = xt. State p is the only state outside the cycle mapped to y, hencê p = p. We have 0t = 0t = p, pt = pt = n − 1, and xt 2 = xt 2 = n − 1. Since the other transitions in s are defined exactly as in t andt, we havet = t.
Subcase 2.4.3: ℓ = 1, xt 2 = n − 1, and xt has in-degree 1. We split the subcase into two subsubcases: (i) p < xt and (ii) p > xt. Let s be the transformation illustrated in Fig. 6 and defined by
We observe the following properties: (a) {p, xt} is a colliding pair focused by s to x. Both states from this pair have in-degree 0.
(b) All states from Q M whose mapping is different in t and s are from the orbit of n − 1, and p and xt are the only such states that are not mapped to n − 2 nor to n − 1. (c) s does not have any cycles. External injectivity: Since s does not have any cycles, it is different from the transformations of Case 2.1, Case 2.3, and Subcase 2.4.2.
By (b) all colliding pairs that are focused have states from the orbit of n − 1, whereas the transformations of Case 2.2 focus a colliding pair to a fixed point.
Lett be a transformation that fits in Subcase 2.4.1 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt must be the same, so x =xtl. But in s, to x only states of in-degree 0 are mapped, whereas toxtl statextl −1 is mapped, which has in-degree at least 1.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s. From (a) and (b), {p, xt} is the unique colliding pair focused to a state different from n − 2; hence {p, xt} = {p,xt}. The pair is focused to x, hencex = x. If x is mapped to n − 2, then we have subsubcase (i) and p is the smaller state in the colliding pair. If x is mapped to n − 1, then we have subsubcase (ii) and p is the larger state in the colliding pair. Hence p =p and xt = xt. We have 0t = 0t = p and (xt)t = (xt)t = n − 1. Since the other transitions in s are defined exactly as in t andt, we havet = t.
Subcase 2.4.4: ℓ 1 and xt ℓ+1 = n − 2. Let s be the transformation illustrated in Fig. 7 and defined by 0s = n − 1, ps = n − 2, qs = qt for the other states q ∈ Q. t : We observe the following properties: Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s. If there are two focused colliding pairs, then p is uniquely determined as the common state in these pairs. If there is only one such pair, then p is the state of in-degree 0, as the other state is xt ℓ , which has in-degree 1. Hence,p = p. We have 0t = 0t = p and pt = pt = n − 1. Since the other transitions in s are defined exactly as in t andt, we havet = t.
Subcase 2.4.5: ℓ 1 and xt ℓ+1 = xt ℓ . Let s be the transformation illustrated in Fig. 8 and defined by 0s = n − 1, ps = xt ℓ , qs = qt for the other states q ∈ Q. t :
We observe the following properties: (a) {p, xt ℓ } is a colliding pair focused by s to the fixed point xt ℓ , which has in-degree at least 3. (b) p is the only state from Q M whose mapping is different in t and s. Lett be a transformation that fits in Case 2.2 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt must be the same, so xt ℓ =p. But xt ℓ has in-degree at least 3, whereasp has in-degree 2, which yields a contradiction.
Since the orbits from Properties (b) of the transformations of Subcase 2.4.1, Subcase 2.4.3, and Subcase 2.4.4 contain n − 1, by Lemma 9 they are different from s.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt must be the same, so we obtain that xt ℓ =xtl. If t =t, then by (b) p =p, and also pt =pt = xt ℓ , as otherwise t andt would not result in the same s. Then, {p, xt ℓ } is a colliding pair because oft. Butpt = (xt ℓ )t = xt ℓ , so this colliding pair is focused by t. Hence, it must be that t =t.
Case 2.5: t does not fit in any of the previous cases. First we observe that there exists exactly one fixed point f = n − 1, and every state q ∈ Q \ {0, f } is mapped either to n − 2 or n − 1: All transformations with a cycle or with pt = n − 1 are covered in Case 2.1 and 2.2. Furthermore, if there are also no states x such that x, xt ∈ {p, n − 1, n − 2}, then every state q ∈ Q \ {0} must either be a fixed point or must be mapped to n − 2 or n − 1. If there are at least 2 fixed points, t is covered by Case 2.3, and if there is no fixed point, then t ∈ W 6 bf (n) (transformation of type 3 from Remark 2) and so falls into Supercase 1.
Subcase 2.5.1: There are at least two states r 1 , r 2 , . . . , r u from Q \ {0, p} such that r i t = n − 1 for all i. Assume that r 1 < r 2 < · · · < r u . Let s be the transformation illustrated in Fig. 9 and defined by 0s = n − 1, ps = f , r i s = r i+1 for 1 i u − 1, r u s = r 1 , qs = qt for the other states q ∈ Q.
We observe the following properties: From (a) and (c), s has a cycle and focuses a colliding pair to a state whose orbit is not the orbit of a cycle. Hence, s is different from the transformations of Case 2.1, Case 2.3, and of Subcase 2.4.2, where all colliding pairs that are focused by these transformations have states from the orbit of a cycle (Properties (b) of these (sub)cases).
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s. By (a), {p, f } is the unique colliding pair that is focused to the fixed point f , sop = p and f = f . Also, there is exactly one cycle formed by the states r i , so (r 1 , r 2 , . . . , r u ) = (r 1 ,r 2 , . . . ,r u ). It follows that 0t = 0t = p, f t = ft = f , and r i t =r it = n − 1 for all i. Since the other transitions in s are defined exactly as in t andt, we havet = t. Subcase 2.5.2: t does not fit in Subcase 2.5.1. Because n 8, we have that Q \ {0, p, f, n − 2, n − 1} contains at least three states. Since t does t : Figure 9 . Subcase 2.5.1.
not fit in Subcase 2.5.1, we have at least two states q 1 , q 2 , . . . , q v such that q i t = n − 2. Assume that q 1 < q 2 < . . . < q v . Let s be the transformation illustrated in Fig. 10 and defined by 0s = n − 1, ps = f , q i s = q i−1 for 2 i v, q 1 s = q v , qs = qt for the other states q ∈ Q.
(a) {p, f } is a colliding pair focused by s to the fixed point f . This is the only colliding pair that is focused by s. (c) s contains exactly one cycle. External injectivity: In the same way as in Subcase 2.5.1, s is different from the transformations of Cases 2.1-2.4. Now suppose that the same transformation s is obtained in Subcase 2.5.1. Since the unique cycles in both subcases go in opposite directions, if they are equal then they must be of length 2. But then, since n 8, we have at least one state in Q M being mapped to n − 1 in t, and also in s. But since s is also obtained in Subcase 2.5.1, there are no such states besides 0, n − 2, and n − 1, which yields a contradiction.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s. It follows in the same way as in Subcase 2.5.1, that we have 0t = 0t = p, f t = ft = f , and q i t =q it = n − 2 for all i. Since the other transitions in s are defined exactly as in t andt, we havê t = t. t : Figure 10 . Subcase 2.5.2.
Supercase 3: t ∈ W 6 bf (n) and pt k+1 = n − 2. Here we have the chain 0
We will always assign transformations s such that s together with t generate a transformation that focuses a colliding pair, which distinguishes such transformations s from those of Supercase 1. Moreover we will always have 0s = n − 2, to distinguish s from the transformations of Supercase 2. For all the cases of Supercase 3, let q 1 , q 2 , . . . , q v be all the states such that q i t = n − 2, for all i. Without loss of generality, we assume that q 1 < q 2 < · · · < q v .
In contrast with the Supercase 2, we have an additional difficulty in constructions of s, which is that no state can be mapped to n − 2 except state 0. On the other hand, the chains going through a state q i and ending in n − 2 are of length at most k + 1.
We have the following cases covering all possibilities for t: Case 3.1: k = 0 and t has a cycle. Let r be the minimal among the states that appear in cycles of t, that is,
Let s be the transformation illustrated in Fig. 11 and defined by 0s = n − 2, ps = r, q i s = p for 1 i v, qs = qt for the other states q ∈ Q.
. . . qv Figure 11 . Case 3.1.
(a) {p, z} is a colliding pair focused by s to state r in the cycle, which is the smallest state in a cycle. This is the only colliding pair which is focused to a state in a cycle. (b) All states from Q M whose mapping is different in s and t belong to the tree of t, and so to the orbit of a cycle. (c) s has a cycle. Internal injectivity: Lett be any transformation that fits in this case and results in the same s; we will show thatt = t. From (a), there is the unique colliding pair {p, z} focused to a state in a cycle, hence {p,ẑ} = {p, z}. Moreover, p andp are not in the cycle, whereas z andẑ are, sop = p andẑ = z. Since there is no state q = 0 such that qt = p, the only states mapped to p by s are q i , hence q i =q i for all i. We have that 0t = 0t = p, and q i t = q it = n − 2 for all i. Since the other transitions in s are defined exactly as in t andt, we have thatt = t. Case 3.2: t does not fit into any of the previous cases, k = 0, and there exists a state x ∈ Q \ {0} such that xt ∈ {x, n − 1, n − 2}. Let x be the smallest state among the states satisfying the conditions and with the largest ℓ 1 such that xt ℓ ∈ {xt ℓ−1 , n − 2, n − 1}. By the conditions of the case and since t does not have a cycle, x is well-defined, and ℓ 1 and it is finite.
Note that xt ℓ+1 = n − 2, because x ℓ collides with p. We have that xt ℓ+1 ∈ {xt ℓ , n − 1}, and x has in-degree 0. Also note that, since k = 1, all q i are of in-degree 0. We have the following subcases in this case that cover all possibilities for t: Subcase 3.2.1: ℓ 2 and xt ℓ+1 = n − 1. We have the following two subsubcases: (i) there exists i such that q i < x, and (ii) there is no such i. Let s be the transformation illustrated in Fig. 12 We observe the following properties: (a) {p, xt ℓ−1 } is a colliding pair focused by s to xt ℓ . (b) All states from Q M whose mapping is different in s and t belong to the tree of xt ℓ , which is either a fixed point (i) or a state mapped to n − 1 (ii). (c) s does not contain any cycles. External injectivity: Since s does not have any cycles, it is different from the transformations of Case 3.1.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. By Lemma 9 the trees from (b) of t andt must be the same, so xt ℓ =xtl. Also, the subsubcase is determined by xt ℓ s and thus is the same for both t andt.
Consider all colliding pairs focused by s to xt ℓ that do not contain xt ℓ . All of them contain p, so if there are two or more such pairs, thenp = p. Suppose that there is only one such pair {p, x ℓ−1 } = {p,xtl −1 }. Note that ℓ =l, as this is the length of a longest path ending at xt ℓ =xtl. Also, to p only states q i are mapped, which have in-degree 0. If ℓ > 2, then p is distinguished from xt ℓ−1 , since to xt ℓ−1 there is mapped xt ℓ−2 of in-degree > 0; hence p =p. Consider ℓ = 2. Let U be the set of states that are mapped either to p or to xt ℓ−1 ; thenÛ = U . The smallest state in U is either a state q i or x (by the choice of x). If the subsubcase is (i), then the smallest state in U is q i and so is mapped to p, while in subsubcase (ii) it is x mapped to xt ℓ . Hence, the smallest state distinguishes p from xt ℓ , and we have that p =p and xt ℓ−1 =xt ℓ−1 . Then also q i =q i for all i, since these are precisely the states mapped to p =p. Summarizing, we have that 0t = 0t = p, pt = pt = n − 2, (xt ℓ )t = (xt ℓt = n − 1, and q i t = q it = n − 2. Since the other transitions in s are defined exactly as in t andt, we have thatt = t. Subcase 3.2.2: ℓ = 1, xt 2 = n − 1, and xt has in-degree at least 1. Let y be the smallest state such that yt = xt and y = x. Note that x < y and y has in-degree 0. Let s be the transformation illustrated in Fig. 13 External injectivity: Since all colliding pairs focused by s must belong to the orbit from (b), and the smallest state in the cycle of the orbit from (b) is x of in-degree 1, s does not map a colliding pair to it and so is different from the transformations of Case 3.1.
Since s has a cycle, it is different from the transformations of Subcase 3.3.1.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. All colliding pairs that are focused have states from the orbit of the cycle from Property (b), hence (xt, x, y) = (xt,x,ŷ). Since x andx are the smallest states in the cycle, we have x =x, y =ŷ, and xt =xt. Since y has in-degree 0 in t, p is the only state outside the cycle that is mapped to y in s; hence p =p. Also, all states mapped to p by s are precisely the states q i ; hence q i =q i for all i. We have that 0t = 0t = p, pt = pt = n − 2, xt = xt, (xt)t = (xt)t = n − 1, and q i =q i = n − 2. Since the other transitions in s are defined exactly as in t andt, we have that t = t. Subcase 3.2.3: ℓ = 1, xt 2 = n − 1, and xt has in-degree 1. We split the subcase into the following two subcases: (i) there exists q 1 (v 1) or p < xt; (ii) there is no q 1 and p > xt. Let s be the transformation illustrated in Fig. 14 We observe the following properties:
(a) {p, xt} is a colliding pair focused by s to x.
(b) All states from Q M whose mapping is different in s and t belong to the same tree of x, which is either a fixed point (i) or a state mapped to n − 1 (ii). (c) s does not contain any cycles.
External injectivity: Since s does not have any cycles, it is different from the transformations of Case 3.1 and Subcase 3.2.2.
Lett be a transformation that fits in Subcase 3.2.1 and results in the same s. By Lemma 9, the trees from (b) of both t andt must be the same, so xt ℓ =xtl. It follows that the subsubcases, which are determined by xs, are the same for both t andt. Note that x has in-degree 2 in s, one of the states from this pair (xt) has in-degree 0, and the other one (xtl −1 ) has in-degree at least 1. If the subsubcase is (i), thenp has in-degree at least 1, and so both the states have in-degree at least 1, which yields a contradiction. If the subsubcase is (ii), then p has in-degree 0, and so both the states have in-degree 0, which yields a contradiction.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. By Lemma 9 we have that x =x, and so also {p, xt} = {p, xt}. The subsubcase for both t andt is determined by xs and so must be the same. If the subsubcase is (i), then p has in-degree 1 or it is smaller than xt; hence p =p and xt = xt. If the subsubcase is (ii), then both p and xt have in-degree 0 and p is larger than xt; hence again p =p and xt = xt. Also, q i =q i as these are precisely all the states mapped to p by s. We have that 0t = 0t = p, pt = pt = n − 2, (xt)t = (xt)t = n − 1, and q i t = q it = n − 2 for all i. Since the other transitions in s are defined exactly as in t andt, we have thatt = t. Since s has a cycle, it is different from the transformations of Subcase 3.2.1 and Subcase 3.2.3. Now lett be a transformation that fits in Subcase 3.2.2 and results in the same s. Since s contains exactly one cycle, it must be that ℓ = 1 and (p, xt, x) = (x,ŷ,xt). We have the following three possibilities: If p =x, xt =ŷ, and x =xt, thent focuses the colliding pair {p, xt} = {x,ŷ}; hence t andt cannot be both in T (n). If p =ŷ, then we have a contradiction with that p has in-degree 1 andŷ has in-degree 2. Finally, suppose that p =xt, xt =x, and x =ŷ. Then x =ŷ must have in-degree 2, and there is q 1 =p (and v = 1). But {p,xt} = {q 1 , p} is a colliding pair because oft, and it is focused to n − 2 by t; hence t andt cannot be both in T (n).
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. By (c) we have that ℓ =l and (p, xt ℓ , xt ℓ−1 , . . . , x) = (p,xt ℓ ,xt ℓ−1 , . . . ,x).
First suppose that p =p. Then also x =x, xt ℓ = xt ℓ , xt ℓ−1 = xt ℓ−1 , and so on for the states of the cycle. We have that q i =q i for all i. Hence, 0t = 0t = p, pt = pt = n − 2, xt i = xt i for all i, and q i t = q it = n − 2. Since the other transitions in s are defined exactly as in t andt, we have thatt = t. Now suppose that p =p. So p =xt i for some i. Note that p collides with all states xt, . . . , xt ℓ , andp collides with all statesxt, . . . ,xt ℓ . If ℓ 2, then there existsxt j with j 1 that is different from p and collides with p. But thent ℓ focuses both these states toxt ℓ . Finally consider ℓ = 1. If p =x then {x, xt} = {p,xt}, which is a colliding pair because oft that is focused by t to xt. On the other hand, if p =xt, then xt =x, and so {p, xt} = {xt,x} is a colliding pair because of t that is focused byt toxt. Hence, t andt cannot be both in T (n). Case 3.3: t does not fit into any of the previous cases, k = 0, and there exist at least two fixed points of in-degree 1. Let the two smallest fixed points of in-degree 1 be the states f 1 and f 2 , that is,
Let s be the transformation illustrated in Fig. 16 and defined by 0s = n − 2, f 1 s = f 2 , f 2 s = f 1 , ps = f 2 , q i s = p for 1 i v, qs = qt for the other states q ∈ Q.
(a) {p, f 1 } is a colliding pair focused by s to f 2 . (b) All states from Q M whose mapping is different in s and t belong to the same orbit of a cycle. (c) s contains exactly one cycle, namely (f 1 , f 2 ).
External injectivity:
Since {p, f 1 } is the only colliding pair that is focused by s to a state in a cycle, and f 2 is not the minimal state in the cycle, s is different from the transformations of Case 3.1.
Since s has a cycle, it is different from the transformations of Subcase 3. Internal injectivity: Lett be any transformation that fits in this case and results in the same s; we will show thatt = t. From (c), we have that (f 1 , f 2 ) = (f 1 ,f 2 ), and since f 1 has in-degree 1 and f 2 has in-degree 2 in s, we have that f 1 =f 1 and f 2 =f 2 . Also p =p, as only p and f 2 are mapped to f 1 . Then q i =q i for all i, since these are precisely the states mapped to p in s. Hence 0t = 0t, pt = pt = n − 1, f 1 t = f 1t = f 1 , f 2 t = f 2t = f 2 , and q i t = q it = n − 2 for all i. Since the other transitions in s are defined exactly as in t andt, we havet = t. Case 3.4: t does not fit into any of the previous cases and k = 0. In t, there is neither a cycle (covered by Case 3.1) nor a state x ∈ Q M such that xt ∈ {x, n−1, n−2} (covered by Case 3.2). Hence, because t ∈ W 6 bf (n), there must be a fixed point f of in-degree 1. Because of Case 3.3, there is exactly one such fixed point.
Let q 1 < . . . < q v be all the states from Q M \ {p, f } such that q i t = n − 2. Let r 1 < . . . < r u be all the states from Q M \ {p, f } such that r i t = n − 1. All states q i and r i have in-degree 0 (covered by Case 3.2), and they are all the states besides 0, p, f, n − 2, n − 1. Because n 8, we have that v + u 3. We have the following subcases that cover all possibilities for t: Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. By (c), we have thatq i = q i for all i. Then all states mapped by s to q 1 must be r i , hencer i = r i for all i. By (a) and since the fixed point is distinguished in the colliding pair, we obtain thatp = p andf = f . We have that 0t = 0t = p, pt = pt = n − 2, q i t = q it = n − 2 and r i t = r it = n − 1 for all i. Since the other transitions in s are defined exactly as in t andt, we havet = t. Subcase 3.4.2: v = 1. We have u 2. Let s be the transformation illustrated in Fig. 18 and defined Lett be a transformation that fits in Subcase 3.2.1 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt must be the same, so the subsubcase fort is (i), and necessarily f =xtl. We have that the statesp andxtl −1 are mapped to f and have in-degree at least 1. This contradicts with that p and q 1 are the only two states mapped to f , and q 1 has in-degree 0.
Lett be a transformation that fits in Subcase 3.2.3 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt must be the same, so the subsubcase fort is (i), and necessarily f =x. So {p, q 1 } = {p,xt}, but this is a colliding pair because oft, which is focused to n − 2 by t; hence, t andt cannot be both present in T (n).
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. Lemma 9, the orbits from Properties (b) for both t andt must be the same, so we obtain that f =f . So we have that {p, q 1 } = {p,q 1 }. Since q 1 andq 1 have in-degree 0, and p andp have in-degree at least 2, we have that q 1 =q 1 and p =p. Then r i =r i for all i, as these are precisely the states mapped to p. We have that 0t = 0t = p, pt = pt = n − 2, q 1 t = q 1t = n − 2, and r i t = r it = n − 1 for all i. Since the other transitions in s are defined exactly as in t andt, we havet = t.
Subcase 3.4.3: v = 0. Let s be the transformation illustrated in Fig. 19 and defined by 0s = n − 2, ps = f , r 1 s = p, r i s = f for 2 i u, qs = qt for other states q ∈ Q.
We observe the following properties: Lett be a transformation that fits in Subcase 3.2.1 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt must be the same, so the subsubcase fort must be (i), and necessarily f =xtl. We have that the statesp andxtl −1 are mapped by s to f and have in-degree at least 1. On the other hand, all states mapped to f (except f itself) are p and r 2 , . . . , r u , where states r i have in-degree 0, which yields a contradiction.
To distinguish s from the transformations of Subcase 3.2.3 and of Subcase 3.4.2, observe that if they focus a colliding pair to a fixed point, then this fixed point have in-degree 3, but s focuses a colliding pair to the fixed point f of in-degree at least 4.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. By Lemma 9, the orbits from Properties (b) for both t andt must be the same, so we obtain that f =f . We have that p =p, as this is the unique state of in-degree 1 that is mapped to f . Then r 1 =r 1 as this is the unique state mapped to p. All states of in-degree t : Figure 19 . Subcase 3.4.3.
0 that mapped to f are precisely r 2 , . . . , r u ; hence r i =r i for all i. We have that 0t = 0t = p, pt = pt = n − 2, and r i t = r it = n − 1 for all i. Since the other transitions in s are defined exactly as in t andt, we havet = t. Case 3.5: k 1. Let q 1 < . . . < q v be all the states from Q M \ {pt k } such that q i t = n − 2. We split the case into the following three subcases covering all possibilities for t: Subcase 3.5.1: v = 0 and pt k has in-degree 1. Let s be the transformation illustrated in Fig. 20 and defined by 0s = n − 2, ps = p, pt i s = pt i−1 for 1 i k, qs = qt for the other states q ∈ Q.
(a) Pair {p, pt} is a colliding pair focused by s to p.
(b) All states from Q M whose mapping is different in s and t belong to the orbit of fixed point p, which has in-degree 2. Lett be a transformation that fits in Subcase 3.4.1 and results in the same s. Since {f ,p} is the only colliding pair that is focused to a fixed point, it must be that p =f and pt =p. Statesq i form a cycle in s, and since it is in a different orbit from that from (b), the cycle must be also present in t. Hence, statesq i collide with pt =p, and, in particular, {q 1 ,p} is a colliding pair focused to n − 2 byt, and so t andt cannot be both present in T (n).
Internal injectivity: This follows exactly in the same way as in Case 2.2. Subcase 3.5.2: v = 0 and pt k has in-degree at least 2. Let y be the smallest state such that yt = pt k and y = pt k−1 . Let s be the transformation illustrated in Fig. 21 and defined by 0s = n − 2, ps = y, ys = n − 1, pt i s = pt i−1 for 1 i k, qs = qt for the other states q ∈ Q.
(a) Pair {p, pt k } is a colliding pair focused by st to pt k . (b) All states from Q M whose mapping is different in t and s belong to the tree of y in s, where y is mapped to n − 1. Lett be a transformation from Subcase 3.2.1 (ii) that results in the same s. By Lemma 9, the trees from Properties (b) for both t andt must be the same, and so it must be that y =xtl. First observe that p =p, because otherwise p and pt =q i for some i would form a colliding pair because of t, which is focused byt to n − 2. So p must be another state mapped by s to y =xtl, and so also byt. It follows that all states p, pt, . . . , pt k are mapped byt in the same way as by s. But then ptt = pst = pt k and (pt k )tt = (pt k )st = pt k , so the colliding pair {p, pt k } is focused bytt, which yields a contradiction.
Lett be a transformation from Subcase 3.2.3 (ii) that results in the same s. By Lemma 9, the trees from Properties (b) for both t andt must be the same, and sox = y. Butp andxt are the only states mapped to y in s, and they both have in-degree 0, whereas p is also mapped to y in s and has in-degree 1, which yields a contradiction.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. By Lemma 9, the trees from Property (b) must be the same, so y =ŷ. Since in s all the states besides p that are mapped to y are also mapped to y in t, it follows that pt = y andpt = y. Note that for i, 0 i min{k,k}, the distance in s from pt i and frompt i to y is i + 1. Hence, if i = j then pt i =pt j . For all i ∈ {1, . . . , v} we define c i to be the largest distance in t from a state q ∈ Q to q i , that is,
that is, x is the smallest state among the furthest states from some q i . Let q m be that state q i , which is the first state q i in the path from x. Notice that if all q i have in-degree 0, then c = 0 and x = q m = q 1 .
Let s be the transformation illustrated in Fig. 22 and defined by 0s = n − 2, ps = x, pt i s = pt i−1 for 1 i k, We observe the following properties:
(a) {p, pt} is a colliding pair focused by s c+2 t to n − 2. (b) All states from Q M whose mapping is different in s and t belong to the same orbit of a cycle (if v 2) or a fixed point (if v = 1). (d) Every longest path in s from some state not in a cycle to the first reachable q i contain both p and x, and this q i is q m .
Proof : If such a path would not contain x, then it would not contain p, . . . , pt k , and so exist also in t. But then, by the choice of x, its length could be at most c, whereas the path from pt k to q m is of length k + c. Thus, every such a path contain x and so p, since x has in-degree 1, and ends in q m .
External injectivity: Lett be a transformation that fits in Case 3.1 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same. Let y be the state mapped to q m in the path in s from p to q m . Ifp = y, then by the construction of s in Case 3.1, all states in the tree of y are mapped in s in the same way as int. Hence, {p, pt} is focused byt c+2 t to n − 2, which yields a contradiction. Ifp = y, then p =p, since top only the statesq i are mapped, which have in-degree 0, and p has in-degree 1. Hence k = 1, p = y =p, and pt =q i for some i. However, {p, pt} = {p,q i } is a colliding pair because of t that is focused byt to n − 2, which yields a contradiction.
Lett be a transformation that fits in Subcase 3.2.1 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same, so necessarily the subsubcase fort must be (i) and v = 1. Sincextl has in-degree 3 in s, it cannot be x, because x can have in-degree at most 2. Thusp andxtl −1 are mapped in s in the same way as in t. But {p,xtl −1 } is a colliding pair because oft, which is focused by t toxtl, which yields a contradiction.
Lett be a transformation that fits in Subcase 3.2.2 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same, so necessarily v = 3 and {x,ŷ,xt} = {q 1 , q 2 , q 3 }. Observe that among the states mapped by s to a state in the cycle (x,ŷ,xt), onlyp can have in-degree larger than 0. It follows thatp = p, and we obtain a contradiction exactly as for Case 3.1.
Lett be a transformation that fits in Subcase 3.2.3 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same, so necessarily the subsubcase fort must be (i) and v = 1. Sincext has in-degree 1 int, it has in-degree 0 in s, so it cannot be p. Therefore p =p, but then we obtain a contradiction exactly as for Case 3.1.
Lett be a transformation that fits in Subcase 3.2.4 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same, so necessarily (p,xtl, . . . ,x) is the cycle formed by all states q i . But {p,xtl} is a colliding pair because oft, which is focused by t to n − 2; this yields a contradiction.
Lett be a transformation that fits in Case 3.3 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same, so necessarily v = 2 and (f 1 , f 2 ) = (q 1 , q 2 ). Then p =p, and again we obtain a contradiction exactly as for Case 3.1.
Lett be a transformation that fits in Subcase 3.4.1 and results in the same s. In s there is exactly one orbit of a fixed point from Q M and exactly one orbit of a cycle. But neither of them cannot be the orbit from (b) of this subcase, sincep and statesr i have in-degree 0 in s so they cannot be p; this yields a contradiction.
Lett be a transformation that fits in either Subcase 3.4.2 or Subcase 3.4.3 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same, so necessarily v = 1 andf = q 1 = q m . Then p =p, asp is the only state with non-zero in-degree in s that is mapped tof . So also x =f . But there is another state mapped by s to p (q 1 orr 2 , depending on the subcase), and it is mapped to x also by t. However, this contradicts that x has in-degree 0 in t.
Lett be a transformation that fits in Subcase 3.5.1 and results in the same s. By Lemma 9, the orbits from Properties (b) for both t andt are the same, so necessarily v = 1 andp = q 1 = q m . Consider the following path s, which contains all the states from Q M that are mapped differently in t and s:
Consider the second path in s, which contains all the states from Q M that are mapped differently int and s: q 1tk
Let y be the first common state in these paths; y exists since both paths end up in q 1 . Note that t reverses the second path. We consider all possibilities for y, depending on where it occurs in the first chain:
• y = pt k . Then y = q 1t j for some j 1, so {y,p} = {pt k , q 1 } is a colliding pair because of t, which is focused by t to n − 2.
• y = pt h for 1 h k − 1. Then (pt h )s = pt h−1 so (pt h−1 )t = pt h , since pt h−1 is in the second path andt reverses it. Also, (pt h+1 )t = (pt h+1 )s = pt h , since pt h+1 does not belong to the second path. But then {pt h−1 , pt h+1 } is a colliding pair because of t, which is focused byt to pt h . • y = p. Since in s only state pt is mapped to p and pt = pt, it must be that pt = n − 2, as otherwise (pt)s = p. Therefore p = q 1tk . But q 1tk has in-degree 1 int from the conditions of Subcase 3.5.1, so it has in-degree 0 in s, which yields a contradiction with in-degree 1 of p in s. • y is a state in the path in s from x to q 1 . Then q 1t j = y for some j c. Remind that c k, so j k. Since y ∈ {p, pt, . . . , pt k }, the distance in s from pt k to y is at least k + 1 j + 1. It follows that there is a state z from the first chain such that zs j+1 = zt j+1 = y. However, we also have that 0t j+1 = q 1t j = y, hencet cannot be in T (n).
We obtained a contradiction in every case, so t andt cannot be both in T (n). Lett be a transformation that fits in Subcase 3.5.2 and results in the same s. However, by Lemma 9, the orbits from Properties (b) for both t andt must be the same, but fort this is an orbit of n − 1.
Internal injectivity: Lett be any transformation that fits in this subcase and results in the same s; we will show thatt = t. By Lemma 9, the orbits from (b) must be the same for both t andt, hence v =v and the sets of q i states are the same.
By (d), both p andp are in every longest path to the first reachable q i , so q m =q m . Without loss of generality, statep occurs not later than p, that is, we haveps j = p for some j 0. Since the path fromx to q m is the same in both s andt, we have thatxt i =xs i for all i 0.
Consider the following path P in s:
First suppose that P does not containp. Then also no statept i for 1 i k would be in this path: letpt i be such the state with the smallest i; then (pt i )s =pt i−1 would also be in this path, which is a contradiction. Hence, by the construction of s, this path is also present int. By the choice ofx, the distance in s fromx to q m is not smaller that the length of this path. So we have c k + 1 + c, which yieldsk > k (becausek ĉ). Now observe that since in s state p is reachable fromp, we have the following path in s:
where i is the smallest possible. Then, by the construction of s, we have the following path in t:
This path has length at leastk + 1 > k + 1. Hence, there exists a state y = p in this path such that yt k+1 = pt k . This means that {p, yt} is a colliding pair because of t, which is focused by t k to pt k .
There remains the case where P containp. Sincep must occur before p in P , we have pt h =p for some h 0.
We claim that pt h+i =pt i for all i 0, which also implies that k = h +k. We use induction on i: This holds for i = 0, and also for i = 1, becausek 1 and the in-degree ofp is 1 in s. For i 2 assume that pt h+j =pt j for all j = 0, . . . , i − 1. Suppose for a contradiction that pt h+i =pt i . Ifpt i = n − 2, then (pt i )t = (pt i )s =pt i−1 = pt h+i−1 , because in s among the states mapped to pt h+i−1 , only pt h+i is mapped differently than in t. Then, however, {pt i ,pt i−2 } is a colliding pair because oft that is focused by t topt i−1 . Ifpt i = n − 2, then, dually, (pt h+i )t = (pt h+i )s = pt h+i−1 =pt i−1 , because in s, among the states mapped topt i−1 , onlypt i is mapped differently than int. Then, however, {pt h+i , pt h+i−2 } is a colliding pair because of t that is focused byt to pt h+i−1 . Hence, the claim follows.
Suppose that h 1. Since the path in s from p to q m occurs also int and t, and is of length c + 1, we have that pt c+2 = n − 2. Note thatk ĉ = c + h c + 1. So there exists a statê ptk −c−1 = pt h+k−c−1 = p. But this state collides with p because of t, and the pair {p,ptk −c−1 } is focused byt c+2 to n − 2.
Finally, if h = 0, then 0t i = 0t i for all i 0, and q i t = q it = n − 2 for all i. Since the other transitions in s are defined exactly as in t andt, we have t =t.
Uniqueness of maximal semigroups
Here we show that W 6 bf (n) for n 6 and W 5 bf (n) for n ∈ {3, 4, 5} (whereas W 6 bf (n) = W 5 bf (n) for n ∈ {3, 4}) have not only the maximal sizes, but are also the unique largest semigroups according to the naming of the states in a minimal DFA D n = (Q, Σ, δ, 0, {n − 2}) of a bifix-free language. Theorem 11. If n 8, and the transition semigroup T (n) of a minimal DFA D n of a bifix-free language has at least one colliding pair, then |T (n)| < |W 6 bf (n)| = (n − 1) n−3 + (n − 2) n−3 + (n − 3)2 n−3 . Proof. Let ϕ be the injective function from the proof of Theorem 10. Assume that there is a colliding pair {p 1 , p 2 } with p 1 , p 2 ∈ Q M . Since n 8, there must be at least three states r 1 , r 2 , r 3 ∈ Q M \ {p, q}. Let s ∈ W 6 bf (n) be the transformation illustrated in Fig. 23 and defined by: 0s = n − 1, p 1 s = p 2 , r 1 s = p 2 , r 2 s = r 3 , r 3 s = r 2 , qs = q, for the other states q ∈ Q.
Since {p 1 , p 2 } is focused by s to p 2 , s is different from the transformations of Supercase 1. Since 0s = n − 1, it is also different from the transformations of Supercase 3.
To see that it is different from all transformations of Supercase 2, notice that only the transformations of Case 2. Thus, since ϕ is injective and ϕ(T (n)) ⊆ W 6 bf (n), s ∈ W 6 bf (n) but s ∈ ϕ(T n ), it follows that ϕ(T n ) W 6 bf (n) so |T (n)| < |W 6 bf (n)|. Corollary 12. For n 8, the transition semigroup W 6 bf (n) is the unique largest transition semigroup of a minimal DFA of a bifix-free language.
Proof. From Theorem 11, a transition semigroup that has a colliding pair cannot be largest. From Proposition 3, W 6 bf (n) is the unique maximal transition semigroup that does not have colliding pairs of states.
The following theorem solves the remaining cases of small semigroups:
Theorem 13. For n ∈ {6, 7} the largest transition semigroup of minimal DFAs of bifix-free languages is W 6 bf (n) and it is unique. For n = 5 the largest transition semigroup of minimal DFAs of bifix-free languages is W 5 bf (n) and it is unique. For n ∈ {3, 4}, W 6 bf (n) = W 5 bf (n) is the unique largest transition semigroup of minimal DFAs of bifix-free languages.
Proof. We have verified this with the help of computation, basing on the idea of conflicting pairs of transformations from [8, Theorem 20] .
We say that two transformations t 1 , t 2 ∈ B bf (n) conflicts, if they cannot be both present in the transition semigroup of a minimal DFA D of a bifix-free language, or they imply that all pairs of states from Q M are either colliding or focused. In the latter case, by Proposition 7 and Proposition 3 we know that a transition semigroup containing these transformations must be a a subsemigroup of W 5 bf (n) or W 6 bf (n), respectively. Hence, we know that two conflicting transformations cannot be present in a transition semigroup of size at least max{W 5 bf (n), W 6 bf (n)} which is different from W 5 bf (n) and W 6 bf (n). Given a set of transformations B, the graph of conflicts is the graph (B, E), where there is an edge (t 1 , t 2 ) ∈ E if and only if t 1 conflicts with t 2 .
Given an n, our algorithm is as follows: We keep a subset B i ⊆ B bf (n) of transformations that can potentially be present in a largest transition semigroup. Starting with B 0 = B bf (n), we iteratively compute B i+1 ⊂ B i , where B i+1 is obtained from B i by removing some transformations. This is done for i = 0, 1, . . . until we obtain |B i+1 | = 0. If B i+1 = B i then the algorithm fails.
Given B i , we compute B i+1 by checking every transformation t ∈ B and estimating how many pairwise non-conflicting transformations can we add to the set {t}. Let B ′ ⊆ B \ {t} be the set of all transformations that do not conflict with t. The maximal number of pairwise non-conflicting transformations in B ′ is the size of a largest independent set in B ′ . We only compute an upper bound for it, since the problem is computationally hard. Let M be a maximal matching in the graph of conflicts of B ′ ; this can be computed by a simple greedy algorithm in O(|B ′ | 2 ) time. Then |B ′ | − |M | is an upper bound for the size of a largest independent set in B ′ , and so 1 + |B ′ | − |M | is an upper bound for the cardinality of a maximal transition semigroup containing t that is different from W 5 bf (n) and W 6 bf (n). If this bound is smaller than max{W 5 bf (n), W 6 bf (n)}, then we do not take t into B i+1 ; otherwise we keep t.
When |B i | = 0, all transformations are rejected, which means that there are no transformations that can be present in a transition semigroup of size at least max{W 5 bf (n), W 6 bf (n)} which is different from W 5 bf (n) and W 6 bf (n), so there are no such semigroups. For n = 7, two iterations were sufficient, and we obtained |B 0 | = 3653, |B 1 | = 1176, and |B 2 | = 0; the computation took less than one minute.
Since the largest transition semigroups are unique, from Propositions 6 and 8 we obtain what are the sizes of the alphabet required to meet the bound for the syntactic complexity.
Corollary 14. To meet the bound for the syntactic complexity of bifix-free languages, (n − 2) n−3 + (n − 3)2 n−3 − 1 letters are required and sufficient for n 6, and (n − 2)! letters are required and sufficient for n ∈ {3, 4, 5}.
Conclusions
We have solved the problem of syntactic complexity of bifix-free languages and identified the largest semigroups for every number of states n. In the main theorem, we have refined the method of injective function from [3, 6] with new techniques for ensuring injectivity. This stands as a universal method for solving similar problems concerning maximality of semigroups. Our proof required an extensive analysis of 23 (sub)cases and much more complicated injectivity arguments than those for suffix-free (12 cases), left ideals (5 subcases) and two-sided ideals (8 subcases). It seems that the difficulty of applying the method grows quickly when characterization of the class of languages gets more involved.
It may be surprising that we need a witness with (n − 2) n−3 + (n − 3)2 n−3 − 1 (for n 6) letters to meet the bound for syntactic complexity of bifix-free languages, whereas in the case of prefixand suffix-free languages only n + 1 and five letters suffice, respectively (see [8, 6] ).
Finally, our results opens the question about most complex bifix-free languages (cf. [4] ), where semigroups W 6 bf (n) and W 5 bf (n) will play an important role. 
